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Editors’ preface to the Manchester Physics Series

The Manchester Physics Series is a series of textbooks at first degree
level. It grew out of our experience at the Department of Physics and
Astronomy at Manchester University, widely shared elsewhere, that many
textbooks contain much more material than can be accommodated in a
typical undergraduate course; and that this material is only rarely so
arranged as to allow the definition of a shorter self-contained course. In
planning these books we have had two objectives. One was to produce
short books: so that lecturers should find them attractive for undergraduate
courses; so that students should not be frightened off by their
encyclopaedic size or their price. To achieve this, we have been very
selective in the choice of topics, with the emphasis on the basic physics
together with some instructive, stimulating and useful applications. Our
second objective was to produce books which allow courses of different
lengths and difficulty to be selected, with emphasis on different
applications. To achieve such flexibility we have encouraged authors to
use flow diagrams showing the logical connections between different
chapters and to put some topics in starred sections. These cover more
advanced and alternative material which is not required for the
understanding of latter parts of each volume.

Although these books were conceived as a series, each of them is
self-contained and can be used independently of the others. Several of
them are suitable for wider use in other sciences. Each Author’s Preface
gives details about the level, prerequisites, etc., of his volume.

The Manchester Physics Series has been very successful with total sales of
more than a quarter of a million copies. We are extremely grateful to the
many students and colleagues, at Manchester and elsewhere, for helpful
criticisms and stimulating comments. Our particular thanks go to the
authors for all the work they have done, for the many new ideas they have
contributed, and for discussing patiently, and often accepting, the
suggestions of the editors.

Finally, we would like to thank our publishers, John Wiley & Sons Ltd,
for their enthusiastic and continued commitment to the Manchester
Physics Series.



D. J. Sandiford
F. Mandl

A. C. Phillips
February 1997
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Author’s preface

Astrophysics is of natural interest to students and provides an ideal
framework for demonstrating the power and elegance of physics. It is not
surprising, therefore, that astrophysics is playing an increasing part in
physics education. Despite this, there is a shortage of suitable textbooks
for advanced undergraduates and beginning graduate students. For the
most part, existing books are either too elementary and descriptive, or too
technical and encyclopaedic.

This book is based on lectures prepared for a one-semester course on stars
for fmal-year undergraduates at Manchester University. To a large extent,
the selection of topics covered has been based on a personal judgement as
to whether the topic is important and whether it is also interesting to
understand in terms of basic physics. The book is unusual in two respects.

First, there is a strong emphasis on explaining the underlying fundamental
physics. Second, simple theoretical models are used to illustrate clearly
the connections between fundamental physics and stellar properties. The
overall aim is a self-contained, concise explanation of some of the most
interesting aspects of stellar structure, evolution and nucleosynthesis.

In organizing the material in this book, I have recognized that the reader’s
motivation to understand physics is enhanced if the astrophysical
application is near at hand and that an understanding of astrophysics
requires a clear and concise reminder of physical principles. Thus, I have
attempted to maintain a balance between physics and astrophysics
throughout.

The first chapter introduces basic astrophysical concepts using elementary
physical ideas which should be familiar to students pursuing a course on
stars. Subsequent chapters rely on more advanced physical ideas which
are normally met in the latter part of an undergraduate course. These ideas
are carefully explained before they are applied. The properties of matter
and radiation are considered in Chapter 2, heat transfer in Chapter 3,
thermonuclear fusion in Chapter 4, stellar structure in Chapter 5, and the
endpoints of stellar evolution, namely white dwarfs, neutron stars and
black holes, in Chapter 6. At the end of each chapter there are a number of
problems aimed at testing understanding and extending knowledge. Hints
for the solution of these problems are given at the end of the book.
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In preparing the manuscript I have consulted many books and articles on
astrophysics, particularly those listed in the bibliography. It is important to
mention here a subset of books and articles which have been particularly
influential. My interest in stellar physics was initially stimulated many
years ago by the deep insight and directness of the articles by Salpeter,
Weisskopf and Nauerberg. I have learnt much from two superb books:
Black Holes, White Dwarfs, and Neutron Stars by Shapiro and Teukolsky
and Neutrino Astrophysics by Bahcall. In addition, Clayton’s elegant
article on Solar Structure Without Computers had a strong influence in
Chapter 5. I have also found very useful the wealth of detail in Cauldrons
in the Cosmos, Nuclear Astrophysics by Rolfs and Rodney, and in
Astrophysics 1, Stars by Bowers and Deeming.

Finally, I would like to express my thanks to colleagues at Manchester
University. First, Franz Kahn and Franz Mandl read the early, primitive
draft of the book, and their envouragement and help led me to take the
idea of writing this book seriously; in particular, Franz Mandl’s advice as
Editor of the Manchester Physics Series was invaluable. Second, Judith
McGovern and Mike Birse were very patient with me when I sought their
help after doing stupid things with the word processor.

A. C. Phillips
May, 1993
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Author’s preface to the second edition

When the First Edition of Physics of Stars was reviewed in The
Observatory by Andrew Collier Cameron, he began his review thus:

Stellar structure can be a tough subject to teach and to learn at
undergraduate level. It draws on every branch of physics that the
undergraduate has encountered in the preceding years, and frequently a
few additional ones for good measure. The whole lot is then transplanted
into the often bizarre regimes that prevail in stellar interiors.

It is small wonder that many of those who attend a course on stellar
structure, or who return to it after some years in order to teach it for the
first time, soon develop the nasty feeling that if they ever understood the
physics concerned, that understanding has evaporated. This is partly
because many of the relevant areas of physics are taught in completely
different contexts. Thermodynamics, for example, is often confined to its
historical context, in the nineteenth-century world of pistons and steam. Its
real physical origins in statistical mechanics are delivered separately in the
abstract world of phase space.

Phillips has written a book which turns this whole approach on its head.
The title is well-chosen; this is a textbook covering the branches of
physics that are important in stellar structure.

The new edition retains this emphasis on developing an understanding of
fundamental physics before considering key aspects of stellar structure,
evolution and nucleosynthesis. The main changes are as follows:

* The discussion of the Hertzsprung-Russell diagram at the end of
Chapter 1 has been extended.

* A new chapter on Helioseismology has been added, but in doing so
I have taken care to develop an understanding of the physics of
wave propagation before discussing the normal modes of vibration
of the sun.

* The number of the problems at the end of the chapters has been
significantly increased.

A C Phillips
November 1998
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Basic concepts in
astrophysics

The aim of this book is to explore the properties of stellar interiors and
hence understand the structure and evolution of stars. This exercise is
largely based on the application of thermal and nuclear physics to matter
and radiation at high temperatures and pressures. However, before
developing and applying this physics it is useful to consider the subject as
a whole using elementary physics. In this brief and rapid overview we
shall introduce some concepts which are fundamental to stellar evolution,
fix the order of magnitude of some important astrophysical quantities and
identify the basic observational information on stars. Many of the topics
mentioned are covered in more detail later in the book and in the
references listed at the end of the book. We begin by considering the
processes which produced the raw material used in the construction of the
first stars.

1.1 BIG BANG
NUCLEOSYNTHESIS

To a first approximation matter in the universe consists of hydrogen and
helium, with a smidgen of heavier elements such as carbon, oxygen and
iron. It is now recognized that the bulk of this helium was produced by
nuclear reactions which occurred during the first few minutes of the
universe, a process called primordial or big bang nucleosynthesis. We
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shall begin this introductory chapter by giving a very brief outline of big
bang nucleosynthesis so that the reader is aware of the origin and nature of
the raw material used in the construction of the first stars.

A brief history of the universe

In order to understand the history of the universe it is necessary to account
for two important facts regarding the present universe: firstly the universe
is expanding in such a way that if we extrapolate back in time it appears
that the universe had infinite density some 10 to 20 billion years ago.
Secondly the whole of space is filled with a thermal radiation at a
temperature of about 3 K, the cosmic microwave background radiation
discovered by Penzias and Wilson in 1965. These facts are consistent with
the idea that the universe began with a sudden decompression, a big bang.

The big bang is not a local phenomenon with matter being expelled in all
directions from a point in space. The big bang happened simultaneously
everywhere in space. Everywhere was a point at the time of the big bang if
the universe is closed, i.e. a finite volume of space with no boundary. But
if the universe is open, the big bang occurred all over a space of infinite
extent. According to the standard model of the big bang, the universe
developed along the following lines:

* Nanoseconds after the big bang the universe was filled with a gas
of fundamental particles: quarks and antiquarks, leptons and
antileptons, neutrinos and antineutrinos, and gluons and photons.
When the temperature fell below 10 K, the quarks, antiquarks and
gluons disappeared, annihilating and transforming into less massive
particles. Fortunately, because the number of quarks slightly
exceeded the number of antiquarks, a few quarks were left behind
to form the protons and neutrons present in today’s universe. The
heavier leptons and antileptons were also annihilated as the
temperature fell.

* In the interval between a millisecond to a second after the big bang
the universe consisted of a gas of neutrons and protons, electrons
and positrons, neutrinos and antineutrinos, and photons. As the
temperature fell, the density of the universe became too low for the
neutrinos to interact effectively with matter; this occurred when the
temperature was about 10'% K. These non-interacting, decoupled
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neutrinos now form a universal gas which, because of the
expansion of space, has cooled to a temperature of about 2 K. As
yet it has not been possible to detect this universal background of
neutrinos. Soon after the decoupling of the neutrinos, the
annihilation of electron—positron pairs removed all of the positrons
and most of the electrons.

» After 100 seconds, neutrons combined with protons to form light
nuclei, ultimately leading to a universe in which approximately
75% of the mass consists of hydrogen and 25% is helium. We shall
explain later how these percentages were determined by the ratio of
neutrons to protons in the universe when the neutrinos decoupled.

+ After 300 000 years the temperature fell to 4000 K, low enough for
the formation of stable atoms. Hydrogen and helium nuclei
combined with electrons to form neutral hydrogen and helium
atoms. As a result, the photons in the universe ceased to interact
strongly with matter; in other words, the universe became
transparent to electromagnetic radiation. This radiation, freed from
interaction with matter at a temperature near 4000 K, has now
cooled to a temperature of about 3 K because of the expansion of
the space. It is the cosmic microwave background radiation which
was first detected by Penzias and Wilson. This radiation is slightly
warmer than the as yet undetected neutrino background at 2 K
because, unlike neutrinos, photons were warmed by the heat
generated by electron—positron annihilation in the early universe.

* The universe continued to expand and cool until it reached its
present lumpy condition with most of the matter assembled in stars,
galaxies and clusters of galaxies.

This history of the universe is summarized in Table 1.1.

TABLE 1.1 A history of the universe according to the big bang. As the
universe cooled quarks produced protons and neutrons, protons and
neutrons formed helium and other light nuclei, and then nuclei and
electrons combined to form neutral atoms. This led to today’s universe in
which matter is assembled in stars and galaxies with a thermal universal
background of photons and neutrinos at temperatures of about 3 and 2 K,
respectively.

Cosmic time Temperature | Temperature

t=10%s kT=10%> MeV Quarks form neutrons and protons
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t=1s kT~1MeV |Neutrinos decouple

t=4s kT = 0.5 MeV | Electron—positron annihilation

¢t =3 min kT =0.1 MeV |Helium and other light nuclei formed

1=3x10° years | kT = 0.3 MeV | Atoms formed and photons decouple

The synthesis of helium

We shall now focus on the processes which led to the formation of helium
and other light atomic nuclei. To understand these processes we shall
follow what happened to the gas of neutrons and protons as the universe
expanded and cooled from around 10'” to 10° K. At temperatures above
1010 K, any deuteron formed from a neutron—proton collision was quickly
disrupted by a collision because the thermal energies involved often
exceeded the 2.2 MeV binding energy of the deuteron. The only nuclei
existing at these temperatures were single protons and neutrons.

In normal circumstances a neutron beta decays with a mean life of about
15 minutes to a proton, an electron and an antineutrino,

n—p+e +7,.

However, at high temperature and density, neutrons can be transformed to
protons, and protons can be transformed to neutrons in collisions
involving thermal neutrinos, antineutrinos, electrons and positrons. In
particular, neutrons and protons in the early universe were continually
transformed into one another by the reactions:

(.)Vetn=e +p and T.+p=e" +n

Because neutrons are more massive than protons, more energy had to be
borrowed from the gas to make a neutron than a proton. Hence the
neutrons were outnumbered by the protons. Indeed, the ratio of neutrons
to protons at equilibrium at temperature 7" is given by a Boltzmann factor:

ir" = exp[-Am */kT),
(1.2) Vo

where Am is the neutron—proton mass difference, 1.3 MeV/c?.
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The Boltzmann factor in Eq. (1.2) implies that the neutron/proton ratio
decreased rapidly as the expanding universe cooled. But as the
temperature and density decreased the neutrino reactions (1.1) became less
frequent, and neutrons and protons were transformed into one another at a
slower rate. Eventually, the reaction rates became too slow to maintain
thermodynamic equilibrium. The neutrino reactions fizzled out, and the
numbers of neutrons and protons ceased to change rapidly. Calculations
indicate that the neutron/proton ratio became almost frozen at a value of
about 1/5 when the temperature was just below 10"°K. In fact, this ratio
continued to decline slowly because neutrons are unstable; they
beta-decay to protons with a mean life of about 15 minutes.

After a few minutes, when neutron decay had reduced the neutron/proton
ratio to about 1/7, the universe was cool enough for a sequence of
two-body reactions to construct bound states of neutrons and protons. At
about 10° K, deuteron nuclei began to be present in significant amounts as
neutron—proton radiative capture, n + p — d + y, competed successfully
with deuteron photodisintegration, y + d — n + p. Capture of neutrons and
protons by deuterons led to the formation of tritons and helium-3. These
nuclei in turn captured protons and neutrons to form helium-4. Since
helium-4 is by far the most stable nucleus in this region of the periodic
table, nearly all the neutrons that existed when the temperature was 10° K
were converted into helium-4. Moreover, the absence of stable nuclei with
masses 5 and 8 prevented the formation of more massive nuclei, apart
from small amounts of lithium-7.

Thus big bang nucleosynthesis took a gas of neutrons and protons and
made helium-4 and a smattering of other light nuclei, namely deuterons,
helium-3 and lithium-7 nuclei. All the neutrons were used in this
construction, but many of the protons were left over. In fact, the theory of
big bang nucleosynthesis makes a clear-cut prediction for the abundance
of helium-4, but the predictions for the other light nuclei are less certain,
being dependent on the uncertain density of the universe; see, for
example, Bernstein ez al.(1989).

We can estimate the helium-4 abundance produced in the big bang by
noting that it is determined by the neutron/proton ratio in the universe just
before nucleosynthesis. Because this ratio was about 1/7 we shall focus on
2 neutrons and 14 protons. These formed a single helium-4 nucleus
containing 2 neutrons and 2 protons, and there were 12 protons left over.

18



Thus 16 atomic mass units of neutrons and protons produced one helium
nucleus of mass 4. The fraction of the mass converted into helium was
4/16 or 25%.

Hence big bang nucleosynthesis led to a universe in which about 25% of
mass was helium. The remaining 75% of the mass was mostly hydrogen
formed from the left-over protons. This material was the raw material for
the first stars.

1.2 GRAVITATIONAL
CONTRACTION

Gravity is the driving force behind stellar evolution. Most importantly it
leads to the compression of matter and thence to the formation of stars. It
leads to the conditions where nuclear forces play a constructive role in
thermonuclear fusion. The transformation of hydrogen to helium in the hot
compressed centres of stars is often followed by a further compression and
the transformation of helium into more massive elements such as carbon,
oxygen and iron, the star dust out of which we are all made.

In order to identify some simple and general features of gravitational
contraction, we consider in Fig. 1.1 a spherical system of mass M and
radius R, in which the only forces acting are due to its self-gravity and the
internal pressure. To keep the analysis as simple as possible, we shall
assume spherical symmetry and no rotational motion. The density and
pressure at a distance » from the centre of the system will be denoted by
p(r) and P(r).

We begin by finding an expression for the acceleration of a mass element

located at a distance » from the centre. The matter enclosed by a spherical
shell of radius » has mass

m(r) = / p(r) 4 dv,
Jo

and acts as a gravitational mass situated at the centre giving rise to an
inward gravitational acceleration equal to

19



) = 0.

There is also, in general, a force arising from the pressure gradient. To
find this we consider a small volume element located between radii » and r
+ Ar, of cross-sectional area A4 and volume Ar A4, as illustrated in Fig.
1.1. A net force arises if the pressure on the outer surface of the volume is
not equal to the pressure on the inner surface. Indeed, the inward force on
the volume element due to the pressure gradient is

P(r) + d—f Ar—P(r)| A4 = Ej-f Ar AA.
dr dr

Fig. 1.1 A spherical system of mass M and radius R. The forces acting on
a small element with volume Ar A4 at distance » from the centre due to
gravity and pressure are indicated. The gravitational attraction of the mass
m(r) within r produces an inward force which is equal to g(r) p(r) Ar AA =
g(r) AM. If there is a non-zero pressure gradient at r, the difference in
pressure on the inner and outer surfaces leads to an additional force which
can oppose gravity

(P+ AP)AA

Bearing in mind that the mass of the volume element is AM = p(r) Ar A4,
we deduce that the inward acceleration of any element of mass at distance
r from the centre due to gravity and pressure is

e L 9P
a3 a2 = &7 T0) @

Note that to oppose gravity the pressure must increase towards the centre.
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Free fall

We shall now assume that there is no pressure gradient to oppose
gravitational collapse. In this case each mass element at » moves towards
the centre with an acceleration g(r) = Gm(r)/r Spherical symmetry
implies that each spherical shell of matter converges on the centre. In
particular, a shell of matter enclosing a mass mq collapses under gravity
with an inward acceleration Gmo/rz, and the kinetic energy of the shell
increases as its gravitational potential energy decreases. To find the
inward velocity of the shell when its radius is 7, we assume that the shell is
initially at rest at a radius ro, and that it encloses a mass which remains
constant during collapse. The inward velocity can then be found from the
conservation of energy equation:

I {dr} Gmy  Gmg

dr r ro

It follows that the time for free fall to the centre of the sphere is given by

) -1/2
1§53 —/ —d / [2Gm0 (jmo} dr.
0

This may be simplified by introducing the parameter x = r/rg to give

% AU i 1/2
3 %
o ds
trF {ZGmJ /U [1 —x} L

The integral in this equation may be evaluated by substitution of x = sin’ 6
to give /2.

We have shown that the free-fall time for a shell of radius r¢ enclosing

mass m( depends on mo/ ,.{3)’ i.e. it is determined by the average density of
the matter enclosed. It follows that, in the absence of an internal pressure
gradient, a sphere with an initial, uniform density of p will collapse as a
whole in a time given by

_— { 3 ]
a4y 1326p
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Collapse under gravity is never completely unopposed. In practice the
energy released by the gravitational field of the collapsing system is
usually dissipated into random thermal motion of the constituents, thereby
creating a pressure which opposes further collapse. However, free fall is a
relevant approximation if energy is easily lost by radiation, or if the
constituents of the collapsing system can absorb energy by excitation or
dissociation. For example, an interstellar cloud of molecular hydrogen can
collapse rapidly as long as it is transparent to its own radiation, or as long
as hydrogen molecules can be dissociated into atomic hydrogen, or as long
as atomic hydrogen can be ionized. But the gravitational energy released
in an opaque cloud of ionized hydrogen will be trapped as internal thermal
motion. The internal pressure will rise and slow down the rate of collapse.
The cloud will then approach hydrostatic equilibrium.

Hydrostatic equilibrium

Figure 1.1 and Eq. (1.3) indicate that an element of matter at a distance »
from the centre of a spherical system will be in hydrostatic equilibrium if
the pressure gradient at r is

dP _ Gm(r)p(r)
(1.5) dr P
The whole system is in equilibrium if this equation is valid at all radii, r.

In this case it is possible to derive a simple relation between the average
internal pressure and the gravitational potential energy of the system.

To derive this relation we multiply Eq. (1.5) by 47° and integrate from r
=0 to » = R to obtain

R R oo Aol
/ 4P Ly = / Crplnder
Jo d I

r r

Both sides of this equation have simple physical significance. The
right-hand side is simply the gravitational potential energy of the system:

m=M 5
Egr = —/ i dm
(1.6) =0 3
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where dm is the mass between r and » + dr; i.e. p(r) 4w dr. The left-hand
side can be integrated by parts to give

R R 2
[P(r)4nr*], -3 / P(r)dnr* dr.
JO

The first term is zero because the pressure on the outside surface at r = R
is zero. The second term is equal to —3(P) V, where V is the volume of the
system and (P) is the volume-averaged pressure. Hence we conclude that
the average pressure needed to support a system with gravitational energy
EGRr and volume V is given by

_ 1 Eger
(1.7)(33)— 72

In words, the average pressure is one-third of the density of the stored
gravitational energy. This expression for the average pressure needed to
support a self-gravitating system is called the virial theorem.

The physical origin of this pressure depends on the system. In Chapter 2
we shall consider the pressures generated by classical and quantum gases
of both non-relativistic and ultra-relativistic particles. But at this stage we
would like to focus on the relation between the pressure and the internal
energy density due to the translational motion of the particles, and in so
doing we shall emphasize the profound difference in the behaviour of
non-relativistic and ultra-relativistic systems.

To derive this relation we consider a gas of NV particles in a cubical box of
volume L* with its edges orientated along the x, y and z axes. Initially we
shall focus on a gas particle with velocity v = (vx, vy, vz) and momentum P
= (px, py» Pz). As this particle bounces around the box it strikes the sides at
regular intervals. In particular, the rate at which it strikes one of the sides
perpendicular to the z-axis is vz/2L, and in so doing it imparts a
momentum 2p; with each strike. Hence the rate of momentum transfer to
unit area of the side is p-vz/L. We now consider all N particles in the box.
The pressure due to these particles on a side of area L’ perpendicular to
the z-axis is

N
P= E (P:U:>.~
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where the brackets denote an average over all the particles. If the gas is
isotropic, all directions of motion for the particles are equally likely and

(Pruy) = {P_f"--'_r) = {p-v:) = {p - v)/3,
where
PV =Py -+ p_..'[,l_]. —+ p-v-.

Thus, the pressure on each side of the box is the same and equal to

(18) P =§(P ' ¥

where 7 is the number of particles per unit volume.

Even though this expression for the pressure in an ideal gas has been
derived using classical physics, it is also valid when quantum effects are
important, as in a degenerate electron gas; see Section 2.1. Furthermore, it
is also valid when the kinematics of the gas particles are described by
special relativity.

We shall now compare and contrast two types of ideal gas, a gas of
non-relativistic particles and a gas of ultra-relativistic particles. The
general relation between the energy ¢, and the momentum p of a particle
of mass m is

F.
2 = 2 4 e,

and the velocity of the particle is v = pc /ep The familiar non -relativistic
limit is found by assuming p << mc, so that ¢p = mc’ + P 2/2m and v =
p/m. The less familiar ultra-relativistic limit is found by assuming p >>
mc, so that ep = pc and v = c. The general expression (1.8) for the pressure
in an ideal gas takes the following forms in the non-relativistic and
ultra-relativistic limits:

+ For a gas of non-relativistic particles of mass m, p . v = mu’ and the
pressure becomes
2 1 2 . o o i
= — ( mu?) == of the translational kinetic energy density.
( 1.9) 3 3
» For a gas of ultra-relativistic particles p . v = pc and the pressure
becomes
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1 1
P = —n{pc) = = of the translational kinetic energy density.
(1.10) 37{pe) =3 gy y

2

We shall now show that the replacement of the factor 3 by 3 when the
particles become ultra-relativistic has a profound effect on the hydrostatic
equilibrium of gases under gravity.

Equilibrium of a gas of non-relativistic
particles

Consider a gas of volume ¥ held together by gravity. If the gas is ideal and
if the gas particles are non-relativistic, then the average pressure implied
by Eq. (1.9) is

2 Ekr
P =37
where ExE is the kinetic energy due to the translational motion of all the
particles in the entire gas. Comparison with the average pressure needed
for hydrostatic equilibrium, Eq. (1.7), shows that the gravitational and
kinetic energies of an ideal gas of non-relativistic particles in hydrostatic
equilibrium under their own gravity are related by

(111) 2Exg + Egr=0.

If the particles have no internal excited degrees of freedom, the total
energy of the gas is the sum of the kinetic and gravitational energies of the
particles, ETor = Exke + EGr. Equation (1.11) implies that this total
energy can be expressed in terms of either the kinetic energy or the
gravitational energy of the particles; in particular

1.
(1.12)5'1'0'}‘ =—Exe and Eror =5 Egr.

Equations (1.11) and (1.12) are of fundamental importance in
astrophysics. They describe the implications of the virial theorem for a
system of self-gravitating, non-relativistic particles in hydrostatic
equilibrium.
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The first point to note is that if such a system is in hydrostatic equilibrium,
it is bound with a binding energy, —E707, equal to the internal kinetic
energy due to the translational motion of the gas particles. This implies
that tightly bound clouds of gas have gas particles with high kinetic
energy; in other words they are hot.

The second point to note is that if the system evolves slowly and remains
close to hydrostatic equilibrium, the changes in the gravitational and
kinetic energies are simply related to the change in the total energy; for
example, a 1% decrease in the total energy would be accompanied by a
2% decrease in the gravitational energy and a 1% increase in the kinetic
energy.

Such changes characterize the behaviour of many astrophysical systems.
For example, let us consider a cloud of gas which is losing energy from its
surface by radiation. If the energy loss from the surface of a gas cloud is
supplied by the release of gravitational energy, the gravitational energy
decreases and the internal thermal energy increases; the cloud will
contract and get hotter. Indeed, for contraction close to hydrostatic
equilibrium, half the gravitational energy released is lost from the surface
and the other half is dissipated as heat; this heat provides the increase in
pressure needed to oppose the increasing forces of gravity in the
contracting cloud. However, if the energy loss from the surface can be
supplied by the release of nuclear energy by thermonuclear fusion, the
total energy Exr + EGR remains constant and there is no need for the
cloud to contract; the sun behaves in this way. But if nuclear fusion
releases excess energy, there is an increase in the total energy. This
implies an increase in the gravitational energy and a decrease in the
kinetic energy; the cloud expands and cools. Conversely, nuclear reactions
which absorb energy will cause a gas cloud to contract and heat up.

Equilibrium of a gas of
ultra-relativistic particles

We shall now show that the situation with regard to hydrostatic
equilibrium is markedly different when a gas of ultra-relativistic particles
is held together by gravity. In this case the pressure inside the gas is given
by Eq. (1.10), and consequently the average pressure in the system is
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one-third the average kinetic energy density. If we equate this pressure to
the average needed for hydrostatic equilibrium, Eq. (1.7), we find that the
kinetic and gravitational energies are now related by

(1.13) Exg + Egr = 0.

In words, hydrostatic equilibrium is possible only if the binding energy is
zero. We have a system which is on the cusp of being bound and unbound.
Indeed, as the ultra-relativistic limit is approached, the binding energy
decreases and the system is easily disrupted. This type of instability occurs
in stars in which a substantial fraction of the pressure arises from
radiation, i.e. from a gas of ultra-relativistic particles called photons. It can
also occur in stars supported by the pressure of a gas of degenerate
electrons if these electrons become very energetic. These instabilities are
considered in detail in Sections 5.4 and 6.1.

Equilibrium and the adiabatic index

The stability of hydrostatic equilibrium is often described in terms of the
adiabatic index y of the gas. This is particularly useful when the
constituents of the gas have vibrational and rotational degrees of freedom.

The adiabatic index y is used to describe the relation between the pressure
and the volume of a gas during an adiabatic compression or expansion.
For such a process, PV7is a constant; i.e. for small adiabatic changes in the
volume and pressure

z dVL---+d—: =0 or d(PV)=PdV+VdP=—(y-1)PdV.

As there is no heat transfer in an adiabatic compression or expansion, the
change in the internal energy of the system is determined solely by the
work done. If we denote the internal energy due to translational kinetic
energy and the excited internal degrees of freedom of the gas particles by
Ejn, then

dE;y = —-P dV,

and hence
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dEj_.'\.’ = % d{PV)

If the adiabatic index y is constant, we can deduce the following useful
relation between the internal energy and the pressure of the gas:

1
EL.\,’ e ﬁ PV.

We now consider a self-gravitating gas with adiabatic index y, which is in
hydrostatic equilibrium. The average pressure in such a gas can be
expressed in terms of the internal energy and y, and, by using the virial
theorem (1.7), in terms of the gravitational potential energy:

o B _1Ea
Pr=(r-1) 5-=-3 "

Thus, a self-gravitating gas with adiabatic index y is in hydrostatic
equilibrium if

(1.14) 3(r—1) Ew + Egr=0.

Equations (1.11) and (1.13) are particular cases of this more general
relation between the internal and gravitational potential energies of a gas.
These particular cases can be obtained from Eq. (1.14) by specializing to a
gas of particles with no excited internal degrees of freedom so that Ejy =
EkE, the internal kinetic energy due to translational motion of the
particles, and then setting y = 5/3 for non-relativistic particles and y = 4/3
for ultra-relativistic particles.

The total energy of a gas with adiabatic index y in hydrostatic equilibrium
is given by

(1.15) Eror = Eiv + Egr = —(3y —4) Epn.

We note that the gas is bound if y > 4/3. Furthermore, the binding energy
is small if y is near to 4/3, and when this is the case a small change in the
total energy is accompanied by much larger changes in the internal and
gravitational energies. For example, if y is 1% bigger than 4/3, a 1 unit
decrease in the total energy is accompanied by a 25 unit increase in the
internal kinetic energy and a 26 unit decrease in the gravitational potential
energy. It is clear that the stability of such a system is precarious. Indeed,

28



instability is expected whenever y is reduced towards 4/3. In this context,
we note that for particles with no excited internal degrees of freedom y =
5/3 when they are non-relativistic, but y approaches 4/3 as they become
predominantly ultra-relativistic. The adiabatic index can also approach 4/3
when there are processes which provide new ways of absorbing heat, such
as the dissociation of molecules, the ionization of atoms, the
photodisintegration of atomic nuclei or the production of particles. Such
processes will tend to render hydrostatic equilibrium precarious.

1.3 STAR FORMATION

It seems that most stars are formed in clusters. There are two characteristic
kinds of cluster, globular and open. Globular cluster are compact
aggregations of many thousands of stars. Studies of their spectra indicate
that the member stars are deficient in heavy elements, such as carbon,
oxygen and iron. This lack of heavy elements suggests that these stars are
old stars formed from primordial hydrogen and helium. In contrast, open
clusters are loose collections of 50 to 1000 stars. These stars are rich in
heavy elements, indicating that they are comparatively young stars formed
from matter which has been enriched with elements formed by earlier
generations of stars.

There is as yet no complete understanding of how stars emerge from
interstellar gas clouds. These clouds seem to have too much kinetic energy
and too much angular momentum to condense into stars, and there is
much interest in how this excess energy and angular momentum can be
shed. Despite this uncertainty some general features of star formation can
be identified. To do this we shall give a qualitative description of the
gravitational contraction of clouds of uniform density.

Conditions for gravitational collapse

In order to begin the process of the condensation into a cluster of stars, a
gas cloud must be sufficiently compact so that the attractive forces due to
gravity are not overwhelmed by the dispersive effects of the internal
pressure. In particular, the cloud becomes bound if the magnitude of the
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gravitational potential energy is larger than the internal kinetic energy. We
shall determine an approximate condition for condensation by considering
a cloud of radius R and mass M containing N particles with average mass

M at a uniform temperature T; for simplicity we shall assume that the
cloud consists predominantly of hydrogen.

The gravitational potential energy can be evaluated with the aid of Eq.
(1.6) to give

GM?
Egr=—f—,
(1.16) ~°F /R
where f'is a numerical factor which depends on the density distribution

within the cloud. It is straightforward to show that ' = : for a spherical
cloud of uniform density, but a larger value is obtained if the density is
higher towards the centre; in our rough calculation we shall adopt a value
of unity for f. The thermal kinetic energy of the cloud is found by noting

. . 3
that each particle contributes 547. Hence

3
Exe = = NkT.
117 T2

The critical condition for the onset of condensation is
(1.18) |Egr| > Eke.

This condition implies that a cloud of radius R can condense if its mass
exceeds

_3%T

M"_ﬁ .

It also implies that a cloud of mass M can condense if its average density
exceeds

3 [%r)?

The subscript J has been used because these critical values for the mass
and density are often called the Jeans mass and density.
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In fact, it is most useful to express the condition for condensation in terms
of the average density of the cloud. We note that the critical density given
by Eq. (1.19) is low and hence more easily achieved if the mass of the
cloud is large. For example, a cloud of molecular hydrogen at a
temperature of 20 K with a mass of 2 x 103 kg, which is equwalent to
1000 solar masses, could condense if its density reaches 1072 kg m 3
about 10° molecules per cubic metre. The critical density for a 51mllar
cloud with a mass equal to 1 solar mass is a million times higher!

These considerations suggest that it is natural to regard the condensation
of gas clouds into stars as taking place in several stages. First, a massive
extended gas cloud contracts; its mass may be thousands of times the solar
mass. When the cloud has compressed and its density has become high
enough, smaller parts of it will be able to contract independently.
Ultimately, the cloud will be able to fragment into many parts, each with a
mass comparable to the solar mass. These fragments may then condense to
form a cluster of primitive stars, protostars.

Contraction of a protostar

Equation (1.19) implies that when a cloud at a temperature of 20 K
reaches a density of 107! kg m °, a fragment with a mass comparable
with the solar mass (i.e. 2 X 1030 kg) is capable of contracting
independently. At this stage the fragment forms a protostar with a radius
of the order of 10'° m, about a million times larger than the sun. It
collapses freely, unopposed by internal pressure, if the gravitational
energy released is not converted into random thermal motion. This is
possible as long as a substantial fraction of the energy released is absorbed
by the dissociation of hydrogen molecules and by the ionization of
hydrogen atoms.

The energy needed to dissociate a hydrogen molecule is ?p = 4.5 eV, and
the energy needed to ionize a hydrogen atom is 77 = 13.6 eV. Hence the
energy needed to dissociate and ionize all the hydrogen in a protostar of
mass M is approximately

M
— €T —— €y
2my My
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where mHy is the mass of the hydrogen atom. If we assume that this energy
is supplied by the gravitational collapse of a protostar from an initial
radius R1 to a final radius R2, then

GM?> GM* M i M
= ~ € — €5.
(1.20) Rs Ry 2my b my !

In particular, the energy needed to dissociate and ionize the hydrogen ina
protostar with a mass equal to the solar mass is 3 x 10%° J. Such a
protostar will collapse freely from its initial radius of R = 10° mtoa
radius R2 = 10'! m, i.e. the radius shrinks 10 000-fold to a size equal to a
100 times the solar radius. The timescale for this collapse is set by Eq.
(1.4), which glves the free- fall time for an object of initial density p. In
this case p = 107! kg m > and the timescale is of the order of 20 000
years.

When most of the hydrogen is ionized, and as the protostar becomes
increasingly opaque to its own radiation, the gravitational energy released
is converted into random thermal energy of electrons and ions. The
internal pressure rises and the collapse of the protostar is slowed down,
and hydrostatic equilibrium is approached.

It is easy to estimate the average internal temperature of a protostar at the
time when the rapid collapse under gravity is replaced by slow
contraction. To do so, we use the virial theorem (1.11) to relate the
internal kinetic energy and gravitational energy of a protostar when it is
near to hydrostatic equilibrium. The thermal kinetic energy of the
hydrogen ions and electrons in the protostar at an internal temperature 7' is

~ 2 3k,

Exe =
(1.21) my

The gravitational energy at the end of the period of rapid collapse is given
by Eq. (1.20); because R1 >> R2 we have

GM? M i M
— — _— €
(1 22) Rz 2”3[] - my

L3 i |

According to the virial theorem (1.11),
ZEK;; { E(;R = 0.
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Hence a protostar approaches hydrostatic equilibrium at a temperature
given by

1
kT =~ — [ep + 2¢1] = 2.6 eV.
(.23 KT =gle0+ 2] ;

This corresponds to an average internal temperature of 30 000 K. Note
that this estimate is independent of the mass of the protostar.

The subsequent slow contraction of the protostar is governed by the
opacity of the ionized interior. This opacity controls the rate at which
energy is lost as radiation from the surface, and hence the rate of release
grawtatlonal energy. The timescale for the contraction is of the order of
to 108 years. The virial theorem can again be used, because the
protostar remains close to a state of hydrostatic equilibrium. According to
Eq. (1.11) and Eq. (1.12), half the gravitational energy released is lost
from the surface; the other half is stored as internal kinetic energy. The
temperature and pressure at the centre of the protostar increase until the
conditions are suitable for the thermonuclear fusion of hydrogen. The
energy released by nuclear fusion lessens the need for the release of
gravitational energy, and the protostar ceases to contract. True stardom is
reached when the nuclear reaction rate is sufficient to supply the radiant
energy lost from the surface.

Conditions for stardom

Not all self-gravitating bodies achieve stardom. A hot gas of classical
electrons and ions is not the only way to resist gravity. Gravitational
contraction can also be opposed by a cold, dense gas of degenerate
electrons. In such a gas, the electrons are governed by the laws of
quantum mechanics and occupy the lowest possible energy states in
accordance with the Pauli exclusion principle. A degenerate electron gas
resists compression, not because of random thermal energy of the
electrons, but because the total kinetic energy of the electrons has a
minimum value which increases as the density rises. In fact, the
temperature of a contracting body ceases to rise if the electrons become
degenerate. This occurs if the average distance between electrons in the
contracting system becomes comparable with the typical de Broglie
wavelength of the electrons.
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The quantum mechanical de Broglie wavelength of an electron is given by
A = h/p, where h is Planck’s constant and p the momentum. Since the
kinetic energy of an electron in a classical gas at temperature 7 is
approximately k7, the momentum is about (mekT)l/z, and the typical de
Broglie wavelength is

ok
(124)  (mkD)'?

Classical mechanics will be valid provided the wave functions of the
electrons do not overlap; in other words, the average separation between
the electrons has to be large compared with A. This condition is satisfied if
the density of the ionized gas satisfies the inequality

p<<—z~=m

m (mekT)*/?
A3 B

(1.25)

Here ™ is the average mass of the particles in the ionized gas; for ionized
hydrogen M = 0.5 amu, the average mass of a proton and an electron.

It is straightforward to show that the internal temperature of the protostar
will initially rise as the internal density increases. Substitution of the
approximate expression for the gravitational energy, Eq. (1.16), and the
classical expression for the internal kinetic energy, Eq. (1.17), into the
condition for hydrostatic equilibrium, 2ExE + EGr = 0, gives

_ GMi

kT =~ ~ G_ME'B 1;’3‘
(1.26) gR e

We see that the temperature is proportional to pl/ 3. This will be the case as
long as the density is low enough to satisfy the inequality (1.25) so that
the electrons are governed by classical mechanics.

When the density reaches the value

o (k)
azn P7 73
quantum mechanics becomes important and the electrons will begin to

become degenerate. As a result, the temperature of the gas no longer
increases markedly if it is compressed. We can estimate the temperature at
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which the electrons in the contracting protostar become degenerate by
substituting the critical density given by Eq. (1.27) into Eq. (1.26). We
obtain

1/2
kT ~ GmM*/*m'/? 7(’"";‘;) :

which can be rearranged to give

2583
KT ~ [M] MY,
(1.28) h>

Around this temperature, degenerate electrons begin to resist compression
and further contraction under gravity no longer causes the temperature to
rise.

Equation (1.28) gives an estimate for the maximum value of the average
internal temperature reached by a contracting protostar. Notice the key
role played by the mass M of the protostar. If the solar mass of 2 x 10°° kg
is substituted, we obtain a maximum temperature of k7 =~ 1 keV. In other
words, a solar mass, if it were allowed to contract under gravity, could
reach an average internal temperature of about 10 million K, and a central
temperature which is even higher; this is more than sufficient to trigger
thermonuclear reactions and the fusion of hydrogen to helium. But the
contraction of protostars less massive than the sun leads to lower internal
temperatures. Detailed calculations indicate that the minimum mass
needed for thermonuclear ignition, and hence true stardom, is about 0.08
solar masses. Protostars with masses less than this value evolve into
objects where gravity is countered by the pressure of degenerate electrons;
such objects are often called brown dwarfs.

We shall consider the possible range of masses for stars in Chapter 5. The
minimum mass for a star will be examined in more detail, and we shall
also argue that there is a maximum as well as a minimum mass for
stardom. In particular, it will be shown that the pressure generated by
radiation inside a star is significant if the mass is much larger than the
solar mass. This implies that the hydrostatic equilibrium of a massive star
is dependent on radiation pressure, i.e. on the pressure due to a gas of
photons. But, as we have already seen in Section 1.2, hydrostatic
equilibrium becomes precarious as the gas particles become
ultra-relativistic: according to Eq. (1.13) the binding energy becomes
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small, and small changes in the total energy are accompanied by large
changes in the internal and gravitational energies. These considerations
suggest that stars with a mass greater than 50—100 solar masses are easily
disrupted. And indeed such stars are rare.

1.4 THE SUN

As our nearest star, the sun has a special role as a source of precise
astrophysical information. For example, we know its mass, radius,
geometric shape and age, and also the luminosity and spectrum of
electromagnetic radiation from its surface. This observational information
is used in theoretical models of the sun to predict the physical
characteristics of the solar interior. The most detailed model of the sun is
the Standard Solar Model, which is described by Bahcall (1989). Some of
the input parameters for this model and some of the calculated solar
properties are listed in Table 1.2.

Our aim in this section is to consider the sun in its simplest terms in order
to illustrate basic astrophysical concepts and to fix the order of magnitude
of astrophysical quantities.

TABLE 1.2 The main physical properties of the sun®

Property Value

Mass w.=1.99 x 10%° kg
Radius R.=6.96 x 108 m
Photon luminosity L:=3.86 %1026 W
Effective surface temperature | 7 = 5780 K

Age 1o =4.55 x 10° years
Central density pe=148 x 10° kg m
Central temperature Te=15.6 x 106 K
Central pressure P.=229x10'°Pa

4 The measured properties are the mass, radius, photon luminosity, and
surface temperature. The estimate for the age is largely based on
geological studies. The properties at the centre of the sun are calculated
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with the aid of the Standard Solar Model; see Bahcall (1989) for more
detail.

Pressure, density and temperature

The sun is a star of mass + = 2 x 10°° kg. The gravitational contraction of
the sun was halted about 5 billion years ago by the ignition of ‘hydrogen
burning’, i.e. the thermonuclear fusion of hydrogen to form helium.
During its current hydrogen burning phase the solar radius is & =~ 7 x 108
m and the average density (p) is 1.4 x 103 kg m . The time for free fall
under gravity for an object of this density is given by Eq. (1.4),

O " Lo
FF = 132G(p) 2 U

Q

As this time bears no relation to the sun we observe, we safely conclude
that the sun is not in free fall and that the internal pressure gradient within
the sun must play an essential role in opposing gravity. Indeed, as there is
no evidence for major changes in the sun during the geological lifetime of
the earth, we can conclude that the sun has been close to hydrostatic
equilibrium for at least 4.5 billion years. Hydrostatic equilibrium implies
we can use the virial theorem to find the average pressure supporting the
sun; using Eqs. (1.7) and (1.16) we find

- ~ 10" Pa.
(1.29) 3V 4nR

Hence the interior of the sun provides an environment in which matter and
radiation interact at high temperature such that, on average, the pressure is
about a billion times atmospheric pressure and the density is comparable
with normal water. The thermal physics needed to understand matter and
radiation under these extreme conditions will be reviewed in Chapter 2;
the ionization of gases and the equations of state for non-relativistic,
ultra-relativistic, classical and quantum gases will be discussed. This
discussion indicates that we are justified in making the simple and bold
assumption that the sun is primarily supported by the pressure of an ideal
classical gas of electrons and ions. Thus, the average pressure inside the
sun is given by
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(P) = (_i)kT;,
(1.30) m
where 77 is the typical internal temperature and ! is the average mass of

the gas particles. For ionized hydrogen " = 0.5 amu, the average mass of
a proton and an electron. In fact, the Standard Solar Model assumes that
the sun was formed from material which was 71% hydrogen, 27% helium
and 2% of heavy elements, such as carbon, oxygen and iron. When fully

ionized this yields an average gas particle mass of # ~0.61 amu.

It is easy to combine Egs. (1.29) and (1.30) to estimate the typical
temperature inside the sun. We obtain

k Tj’ ~ G‘M':i m
(1.31) 3R:

~05keV or T;=~6x10°K.

Of course the actual temperature inside the sun, like the density and the
pressure, increases towards the centre. The central temperature, density
and pressure given by the Standard Solar Model are listed in Table 1.2.

Solar radiation

The total power radiated by the sun, its luminosity Z-, is about 4 X 10%° w.
Moreover, to a first approximation the sun appears to be a black body

2
radiator with area 4n RS and effective surface temperature 7r of about
6000 K. Thus

. 2 4
(132) L,_; —4TFR.}:.:G'T£-,

where ¢ is Stefan’s constant, 5.67 X 108 Wm 2 K™ Since k7g =~ 0.5 eV
the bulk of the radiation is in the visible part of the electromagnetic
spectrum.

We note that the effective surface temperature, 7z = 6000 K, is three
orders of magnitude less than the typical interior temperature of 77~ 6 000
000 K given by Eq. (1.31). We can understand this difference by
examining the mechanism by which radiation escapes from the sun.
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As the electrons and ions interact inside the sun they emit electromagnetic
radiation which in turn interacts with electrons and ions. Indeed, to a first
approximation we can consider the sun as a globe of electrons and ions in
equilibrium with electromagnetic radiation at a temperature 77. If this
radiation were free to escape, without disturbing thermodynamic
equilibrium, then the sun would appear to be a black body radiator at a
temperature of 77. The luminosity of the sun would be

/ ot 2
(1.33) Ly~ 4ﬁR:';'.-67?=

and the radiation would be in the X-ray region of the electromagnetic
spectrum because k77~ 0.5 keV.

Fortunately for the inhabitants of planet earth, this radiation is not free to
escape; to a very large extent it is trapped within an opaque sun and the
earth is not incinerated by X-rays. The radiation inside the sun is
continually scattered, absorbed and emitted by electrons and ions. A
temperature gradient is set up and the radiant energy slowly diffuses
towards the surface, where it escapes as visible radiation. The underlying
mechanism for radiative diffusion is a random walk in which the photons
are scattered, absorbed and emitted, as shown in Fig. 1.2.

We shall let / represent a free path for a photon within the sun. In practice
there is a distribution of free paths with a mean which depends on the
region within the sun. To keep the analysis as simple as possible we will
take / to be a constant length characteristic of photons within the sun as a
whole. After N interactions, and after N vector displacements in random
directions, the radiant energy associated with the photon has travelled a
vector distance

D=L+bL+ - +ly,
as shown in Fig. 1.2. The square of the net distance travelled in N steps is

Fig. 1.2 A random walk mechanism for radiative diffusion. A sequence of
N steps in random directions leads to a vector displacement of D =11 + I3
+... .+ 1y
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DP=F+B6+-+5+20 b+l h+--)

If we average over many random walks, the terms involving scalar

products cancel because the direction of each step is random. Hence the
2024 a2

mean square distance travelled is simply K+h+-+1ly or NI%.

To escape from the sun, a photon must diffuse a distance which is

2
comparable with the solar radius. On average this requires about Rﬂ?'/lz

steps. Because the time for each step is //c, where c is the speed of light,
the random-walk escape time is approximately
R

o~

Rw’ oy =,
cl

!
(1.34)
In contrast, the time to escape directly from the sun is &:./c, which is a
factor of //r. shorter than the random-walk escape time. Thus, radiative
diffusion via a random walk slows down the rate at which energy escapes
from the sun by a factor of //k.. It follows that the actual luminosity of the
sun given by Eq. (1.32) is a factor of //&: smaller than the luminosity given
by Eq. (1.33), the luminosity that would arise if radiation were free to
escape unhindered. This implies that the effective surface temperature and
the typical internal temperature of the sun are approximately related by

] 1/4
TE ~ |i—] T,r.

(1.35) R:

Using Te = 6000 K and 77 = 6 000 000 K, we find that the effective mean
free path for radiative diffusion in the sun is about Imm, i.e. the sun is
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very opaque. And using Eq. (1.34), we find that the typical time for
radiation to diffuse from the centre and escape from the sun is about 50
000 years.

We can also use this simple but approximate analysis to reveal how the
luminosity of a star like the sun depends on its mass. An approximate
expression for the luminosity (1.32) can be found by using Eq. (1.35) and
the relation between the internal temperature and the mass and radius of
the sun given in Eq. (1.31). We find

(41T) o

Lo ~ 4nR2 0T} — =~ ———G* m*(p)l M.
(136) ' ’R_. 3 K

This equation indicates that the luminosity of a sun-like star is expected to
be a rapidly increasing function of its mass.

Radiative diffusion will be considered in more detail in Chapter 3. We
shall end this preliminary discussion by emphasizing that radiative
diffusion restricts the flow of radiation and prevents the sun from losing
heat catastrophically. It determines the luminosity and hence the rate at
which energy must be released by thermonuclear fusion at the centre of
the sun.

Thermonuclear fusion in the sun

Thermonuclear fusion will be considered in detail in Chapter 4. At this
point we note that the solar luminosity is currently being supplied by a
chain of thermonuclear reactions called the proton—proton chain. The
dominant reactions are

(137) p+p—d+e’ +uv,
(1.38) p+d —*He + 7,
(1.39) 3He +*He —*He +p + p,

where d denotes a deuteron or 2H an isotope of hydrogen with mass 2.
Each of these reactions is exotherm1c and the total thermonuclear energy
release is about 26 MeV fer “He nucleus formed. This energy must be
released at a rate of 4 X 10°” W in order to power the solar luminosity.
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All the reactions in the proton—proton chain are hindered because a
Coulomb barrier tends to keep the positively charged nuclei apart.
However, there is a significant probability that nuclei can tunnel, quantum
mechanically, through a Coulomb barrier if the temperature is high. The
interaction required to effect fusion is different for each of the reactions:
reaction (1.37) relies on the weak nuclear interaction, reaction (1.38) relies
on the electromagnetic interaction and reaction (1.39) relies on the strong
nuclear interaction. As a result, the first reaction in the chain, reaction
(1.37), is by far the slowest. As we shall see in Chapter 4, a proton at the
centre of the sun takes, on average, about 5 billion years before it fuses
with another proton to produce a deuteron. The deuteron so produced is
snapped up to form a >He in about a second and the average time needed
for two *He to collide and form a *He nucleus is approximately 300000
years.

It follows that the first reaction in the chain, the slow weak reaction (1.37),
governs the rate at which energy is released by the proton—proton chain.
This reaction forms a bottleneck through which an immense store of
hydrogen fuel is gradually processed. One consequence is that, even
though the total power released is huge, 4 x 10 W the power density is
very modest. On average each kilogram of the sun generates only 0.2 mW,;
this is about 10 000 times less than the power density generated by the
metabolic activity in the human body.

We note that the weak reaction (1.37) implies that, as protons are
consumed neutrinos are emitted. Four protons are needed to produce a
*He nucleus and release 26 MeV, ie. 26 x 1.6 x 10 13 . Hence the rate of
consumptlon of protons needed to power a solar photon luminosity of 4 x
10%° W is

(4 x4x10%)/(26 x 1.6 x 107*) = 4 x 10 protons per second.

The fu510n of these protons is also accompanied by the emission of at least
2 x 10°® neutrinos per second. These weakly produced neutrinos can
subsequently interact, but only weakly, via the weak nuclear interaction.
Unlike photons, they pass through the sun and escape almost unhindered
and, if detected on earth, they could provide direct inside information on
the thermonuclear reactions occurring at the centre of the sun. Needless to
say, the detection on earth of particles which can pass almost unhindered
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through the sun is a formidable exercise. The detection of solar neutrinos
and the solar neutrino problem will be considered in Chapter 4.

Thermonuclear fusion not only postpones the contraction of the sun, it
also acts as a solar temperature regulator, a thermonuclear thermostat. If
the temperature rises, the nuclear reaction rate will increase and release
more energy than can escape. Because the sun remains close to hydrostatic
equilibrium we can apply the virial theorem to see what happens when the
total energy is increased in this way. Equations (1.11) and (1.12) show
that there will be an increase in the gravitational energy and a decrease in
the internal energy; in other words, the sun will expand and cool. A
parallel set of events will occur if the temperature falls: the energy
released by the nuclear reactions will not be high enough to supply the
energy lost by the sun and the total energy will be reduced; this reduction
in the total energy will cause the sun to contract and heat up.

This thermonuclear thermostat has postponed gravitational contraction
and kept the sun steady for at least 4.5 billion years. It will continue to do
so until there is insufficient hydrogen at the centre of the sun to fuel the
proton—proton chain and supply the required solar luminosity of 4 x 10%6
W. There are approximately 7 x 10° protons in the sun, and as they are
being consumed at a rate of 4 x 1038 every second, 10% will be consumed
in the next 6 billion years. In total, the hydrogen burning phase of the sun
will last for about 10 billion years, after which the central core of the sun
will contract and heat up until the temperature and density are high
enough to ignite the thermonuclear fusion of helium. The outer layers of
the sun will expand to form a red giant, and the sun will begin its next
stage of stellar evolution.

1.5 STELLAR
NUCLEOSYNTHESIS

Stellar evolution involves the release of gravitational potential energy
through contraction, with pauses whenever nuclear fuels are ignited so as
to supply the energy flow from the surface of the star. The ashes of one set
of nuclear reactions may become the fuel for the next set. For example,

43



the helium produced by the fusion of hydrogen may be ignited in a
subsequent gravitational contraction to produce carbon. In fact, there is a
sequence of thermonuclear stages. Each stage can be effective in calling a
temporary halt to gravitational contraction provided it leads to the release
of energy through the formation of more tightly bound nuclei.

The binding energy per nucleon for atomic nuclei is illustrated in Fig. 1.3.
The broad maximum at a mass number near 56 implies that the nuclei near
iron in the periodic table are the most tightly bound. Thus, the sequence of
thermonuclear reactions in stars is expected to terminate when nuclei near
iron are produced. These nuclei, isotopes of Cr, Mn, Fe, Co and Ni, form a
nuclear ash which cannot be burnt.

Fig. 1.3 Binding energy per nucleon for atomic nuclei. There is a broad
maximum at mass number 56 which implies that energy is normally
released when two light nuclei fuse to form a heavier nucleus provided the
nucleus formed has a mass number less than 56
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The main stages of thermonuclear fusion in stars and the approximate
temperature needed to ignite each stage are listed in Table 1.3.

TABLE 1.3 The main stages of nuclear burning in stars. The ashes of one
stage of burning may become the fuel for the next stage provided the
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contracting star is massive enough to reach the approximate ignition
temperature indicated.

Process Fuel Products Approximate ignition
temperature (K)

107

x

Hydrogen burning Hydrogen Helium 1

Helium burning Helium Carbon, oxygen 1 x 108

Carbon burning Carbon Oxygen, neon, sodium, 5 x 108
magnesium

Neon burning Neon Oxygen, magnesium 1 x 107

Oxygen burning Oxygen Magnesium to sulphur 2 x 107

Silicon burning Silicon Iron and nearby elements 3 x 107

Stellar mass and the extent of
thermonuclear fusion

Not all stars can achieve the temperatures needed to ignite every stage of
thermonuclear fusion and progress to the synthesis of iron. We recall that
the internal temperature of a contracting star ceases to rise when the
electrons within the star become degenerate, i.e. when the average
distance between the electrons becomes comparable with the typical de
Broglie wavelength of the electrons. In particular we found in Section 1.3
that the maximum temperature possible is approximately proportional to
ad 3; see Eq. (1.28). Thus the mass of a contracting star determines the
maximum temperature achievable and hence which thermonuclear fusion
stages can be reached.

We have already mentioned that only stars with a mass greater than 0.08
can attain true stardom and ignite hydrogen. There are in fact two
mechanisms for hydrogen burning. The proton—proton chain is important
in stars like the sun. But in more massive stars hydrogen is fused to
helium via a set of reactions in which carbon acts as a catalyst, the
so-called carbon—nitrogen cycle; an important by-product of this type of
hydrogen burning is nitrogen. These and other aspects of thermonuclear
fusion will be considered in more detail in Chapter 4.

When hydrogen burning ceases in the centre of the star, the helium core
contracts under gravity and grows hotter. The increased temperature
promotes hydrogen burning in a shell surrounding the core. It also leads to
an increase in pressure and a large expansion of the outer layers of the
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star. As hydrogen burning continues in the shell, more helium is produced
and deposited onto a helium core which becomes hotter and denser. If the
star is massive enough, the core becomes sufficiently hot and dense for
helium nuclei to fuse together to form carbon nuclei. Helium burning
releases energy which causes the core to expand and cool, and a cooler
core leads to a partial contraction of the outer layers of the star. The star is
now a red giant with a luminosity dominantly powered by helium burnln%
in a hot, dense central core. The temperature of th1s core is between 10
and 2 x 10% K and its density is between 10° and 108 kgm~ 3. To achieve
these conditions the initial mass of the star must exceed a value of about
0.5x..

In fact, helium burning is severely hindered by the absence of stable
nuclei w1th mass 5 and mass 8 The only way forward involves the fusion
of three *He nuclei to produce 2C via the three- body reaction

‘He +*He +*He —'2C.

This three-body reaction actually takes place in two stages. Two “He
nuclei fuse to form an unstable *Be nucleus whose brief ex1stence is just
long enough to permit an occasional capture of a third “He nucleus to
form '2C. This requires both a high density and a high temperature. We
note that helium was produced but not burnt in big bang nucleosynthesis;
the temperature was hot enough but the density was too low. The high
density and temperature needed for helium burning had to await the
formation and evolution of massive stars.

Helium burning not only produces carbon it also leads to another vitally
important element, namely oxygen, via the reaction

e 420 1304,
In addition, small amounts of 20N are also formed by
“He +'°0 —»Ne + 1.

As helium is consumed in the centre of the star, helium burning migrates
to a shell surrounding a central core of carbon and oxygen, leading to an
onion-like structure for the star in which there is an outer hydrogen
burning layer, an inner helium burning layer and a core of carbon and
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oxygen; the outer layers of the star expand markedly during this phase of
evolution.

Stars with a mass greater than 8., or thereabouts, can progress beyond
helium burning and ignite carbon at a temperature of about 5 x 103 K to
form elements such as neon, sodium and magnesium. If the temperature
exceeds 107 K, carbon burning can be followed by the photodisintegration
of neon to produce oxygen and helium nuclei; the helium nuclei are then
captured by undissociated neon nuclei to form magnesium. Oxygen
burning can then take place at about 2 X 10° K to produce elements
between magnesium and sulphur. Stars with a mass greater than 11., or
thereabouts, are able to achieve the high temperature of about 3 x 10° K
which needed to ignite silicon burning, the final stage of thermonuclear
fusion. This leads to the formation of nuclei near iron in the periodic table.
Such stars develop a structure consisting of concentric layers composed
mostly of hydrogen, helium, carbon, neon, oxygen and silicon surrounding
a core of iron and nearby elements.

In summary, the mass of a star governs the extent to which it converts
hydrogen to heavier elements. Contracting stars with a mass
approximately between 0.1+ and 0.5+ will reach the required temperature
to ignite hydrogen but they do not get hot enough to ignite helium. Stars
with mass roughly between 0.5+. and 8. will ignite hydrogen and helium,
and stars in the mass range 8. to 11 will progress beyond helium
burning to carbon burning. Finally, stars with a mass greater than 11+ are
able to achieve the high temperatures necessary for the ignition of every
stage of thermonuclear fusion.

Neutron capture

Thermonuclear fusion provides a mechanism for the release of energy and
the production of elements up to iron in the periodic table. We also need a
mechanism to account for the existence of elements heavier than iron. In
general, energy is needed to produce these elements and fusion of charged
nuclei is not effective. These elements owe their existence to neutron
capture.

Neutrons are released by nuclear collisions and photodisintegration,
particularly during the later stages of stellar evolution. Because neutrons
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are electrically neutral, they are easily captured by a nucleus to form a
more massive nucleus with the same charge. Thus the presence of
neutrons can lead to the production of neutron-rich isotopes. Such isotopes
will eventually decay by beta decay; a neutron within the nucleus is
converted into a proton and the atomic number of the nucleus increases by
one unit. It is believed that the elements heavier than iron have been
produced by sequences of neutron capture reactions followed by
sequences of beta decays.

The production of neutrons in an evolved star is normally a slow process,
and any nucleus formed by neutron capture will have plenty of time to
beta decay. This process of forming atomic nuclei is called the s-process
where s stands for slow. However, neutron production may become very
rapid during the final stage of evolution of a massive star. We shall see
that this stage involves the collapse of a central core of iron which, among
other things, can lead to the ejection of the outer layers of the star to form
a supernova. During this explosive stage, nuclei can capture many
neutrons before beta decay becomes effective. This process is called the
r-process where r stands for rapid. The types of nuclei produced by these
two processes differ significantly. For example, no eclement beyond
bismuth (Z = 83) can be formed by the s-process, whereas the r-process
can produce elements beyond this.

1.6 STELLAR LIFE
CYCLES

The big bang led to a universe composed of hydrogen and helium with
traces of light elements. This primordial matter has been enriched with
heavier elements by a cycle of stellar formation and evolution in which
matter has been transferred back and forth between stars and interstellar
matter. One of the main aims of astrophysics is to use this cycle to explain
the abundances of the chemical elements in the universe today.
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Rate of stellar evolution

In our discussion of the sun in Section 1.4 we saw that the luminosity of
the sun determines the rate at which it consumes its nuclear fuel. In
particular, Eq. (1.36) indicates that the luminosity of a star is a rapidly
increasing function of its mass. Indeed, if the mean free path / for radiative
diffusion is inversely proportional to the density, the luminosity given by
Eq. (1.36) is proportional to the cube of the mass of the star. Figure 1.4
illustrates the actual relation between the mass Mand luminosity L of
representative hydrogen burning stars like the sun. We note that the
luminosity is proportional to M *, where a is about 3 for massive stars and
about 3.5 for stars less massive than the sun.

Fig. 1.4 The mass—luminosity relation for hydrogen burning stars with a
chemical composition similar to the sun. The data on representative main
sequence stars is taken from Table 3.13 in the Astronomy and
Astrophysics section of the Physics Vade Mecum compiled by Fredrick
(1989)

49



=)
3

LUMINOCITY IN UNITS OF Ly

—
=
=

1072

0.1 1.0 10 100
MASS IN UNITS OF My

This rapid increase of luminosity with mass has an important implication:
it implies that massive stars have shorter lives despite their greater
resource of fuel. Since the fuel reserves are proportional to M, the
hydrogen burning lifetime is proportional to M2 for high mass stars and
M2 for low mass stars. Given that the hydrogen burning life of the sun
is about 10 billion years, we conclude that a star of mass 10+ will burn
hydrogen for about 100 million years, whereas the hydrogen burning
lifetime of a star of mass 0.5+ will exceed 50 billion years.

In fact, the overall rate for all nuclear fusion processes inside a star, and
hence the rate at which the star evolves, is largely determined by its mass;
more massive stars evolve more quickly. Since the lifetime of the universe
is 10-20 billion years, there has been ample time for many generations of
massive stars, but there has been insufficient time for the evolution of
stars with a mass much smaller than the sun.
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The endpoints of stellar evolution

The ultimate fate of a star depends crucially on the mass that remains in
the central core when nuclear fusion can no longer maintain the pressure
needed to prevent gravitational contraction. At this stage, the star must
rely on a nonthermal source of pressure for support, namely a gas of
degenerate electrons. However, we recall that hydrostatic equilibrium
becomes precarious if gravity is opposed by the pressure generated by
ultra-relativistic particles. This general principle imposes an upper limit on
the mass that can be supported by a degenerate electron gas. In particular,
we shall show in Chapter 6 that if the mass of a stellar core exceeds a
critical value, the degenerate electrons become sufficiently relativistic to
render hydrostatic equilibrium impossible. This critical mass is about 1.4
and is called the Chandrasekhar mass.

Thus the fate of an evolved star depends crucially on whether the mass of
its central core is less than or greater than the Chandrasekhar mass. A star
like the sun will develop a stellar core with a mass less than 1.4+, which
can be supported by the pressure of degenerate electrons. After it loses its
outer tenuous layers it forms a white dwarf, a compact object with a radius
of about 10’ m and a density of about 10° kg m73, which slowly cools
without appreciable contraction because its mechanical support is due to a
pressure which is insensitive to temperature.

Massive stars develop an onion-like structure with a central core of iron.
The mass of this inert core grows as silicon burning deposits more iron.
Eventually the core will collapse catastrophically when its mass exceeds
the Chandrasekhar limit; this collapse is considered in Section 6.2. To a
first approximation the collapse is a free fall under gravity, unopposed by
an internal pressure gradient because energy is absorbed by processes such
as the photodisintegration of iron and inverse beta decay. The bulk of the
gravitational energy released is carried away by a pulse of neutrinos. But a
small fraction of this gravitational energy may be used to eject a
substantial fraction of the stellar mass into interstellar space to form a
supernova. Stellar nucleosynthesis is completed during these final stages
of stellar evolution. In particular, elements heavier than iron are produced
by neutron capture.

The eventual mass of the collapsed core is crucial to the final outcome of
the evolution of a massive star. The most likely result is the formation of a
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neutron star, a compact star consisting primarily of degenerate neutrons.
There is a maximum possible mass for such an object, which is analogous
to the Chandrasekhar mass for a star supported by degenerate electrons.
This limit is discussed in Section 6.3. It is probably about 3., but the
exact value is uncertain because of the uncertain compressibility of
nuclear matter at high densities. It is thought that if the mass of the
collapsed core exceeds this limit, there is no possibility of halting
gravitational collapse. A black hole is produced.

One of the uncertainties in tracing the evolution of a star is the uncertainty
in the amount of matter ejected into interstellar space as the star evolves.
This mass loss can affect both the rate and the ultimate destination of
stellar evolution. Stars lose matter even during the hydrogen—burnin%
phase of evolution; the solar wind, for example, carries away about 107!
. of the solar mass every year. As stars evolve, even more intense flows
occur as the tenuous outer layers expand. Furthermore, the final stages of
evolution are often characterized by significant mass loss. As intermediate
mass stars, like the sun, exhaust their nuclear fuel, they shed their outer
layers in an expanding cloud called a planetary nebula. In contrast, more
massive stars often end their lives with an explosive ejection of matter in a
supernova. This matter, together with the matter ejected as planetary
nebulae by less massive stars and the matter lost during the earlier stages
of stellar evolution, then forms the raw material for future generations of
stars.

Abundances of the chemical elements

The cycle of stellar formation, evolution and death has led to an
enrichment of the primordial hydrogen and helium with heavier elements.
In particular, the chemical elements observed in the solar system are
largely a reflection of the combined effect of nucleosynthesis during the
big bang and of nucleosynthesis during the stellar evolution of earlier
generations of nearby stars.

The relative abundances of elements in the solar system are plotted against
the atomic number Z in Fig. 1.5. The most notable features are as follows:

* The dominance of hydrogen and helium, largely a left-over from
nucleosynthesis during the big bang.
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* A distinct lack of abundance between helium and carbon, reflecting
the difficulty of building elements from hydrogen and helium in the
absence of stable mass 5 and mass 8 atomic nuclei.

* Peaks corresponding to the major products of stellar
nucleosynthesis; namely carbon, oxygen, neon, silicon and
elements near iron. The high abundance of nitrogen, the element
between carbon and oxygen, is due to hydrogen burning by the
carbon—nitrogen cycle.

Fig. 1.5 The abundances of elements in the solar system relative to the
abundance of hydrogen. The dominance of hydrogen and helium is a
result of nucleosynthesis during the big bang. Thermonuclear fusion in
stars preferentially produces helium, carbon, oxygen, neon, silicon and
elements near iron. The abundances of elements beyond iron in the
periodic table are low; for example, the abundances of silver, gold and
lead relative to hydrogen are 1 x 10_11, 6% 1072 and 1 x 107'°. Elements
like these are produced in the latter stages of stellar evolution by the
capture of neutrons by lighter nuclei followed by beta decay. Data is taken
from Table 3.06 in the Astronomy and Astrophysics section of the Physics
Vade Mecum compiled by Fredrick (1989)
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ABUNDANCE RELATIVE TO HYDROGEN

In general, thermonuclear fusion, i.e. hydrogen, helium, carbon, oxygen,
neon and silicon burning, is responsible for the abundances of elements
with atomic number in the range 12 < Z < 30. Elements with atomic
number Z > 30 owe their existence to neutron capture, particularly during
the terminal stages of stellar evolution. In addition, small quantities of
elements throughout the periodic table are produced by cosmic ray
collisions; indeed a substantial proportion of the elements between helium
and carbon have been formed in this way.

For each element there are often several naturally occurring isotopes.
Their relative abundance provides further insight into the mechanisms of
nucleosynthesis. In addition, some of these isotopes are unstable. Indeed,
the continuing presence of radionuclides, such as 235 U, 2385 and 40K, all
with lifetimes comparable with 10° years, enables us to estimate that the
solar system was formed some 4.5 billion years ago; see Problem 1.8.
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1.7 THE
HERTZSPRUNG-RUSSELL
DIAGRAM

We shall end this introductory chapter by briefly considering some
observational properties of stars. It is important to note that stars are
opaque to electromagnetic radiation and astronomers are therefore limited
to recording superficial information. Moreover, the angular size of even
the nearest stars is only a few thousandths of a second. Hence, with rare
exceptions, a star appears as a point source of radiation from which the
observer can deduce a luminosity and a surface temperature.

Luminosity

The observed brightness of a star is usually expressed as an apparent
magnitude. The faintest stars visible to the naked eye have a magnitude of
6, and brighter stars have a smaller magnitude; Sirius A, the brightest star
in the sky, has a magnitude of —1.4. The scale is logarithmic such that
each tenfold increase in brightness decreases the magnitude by 2.5. Thus
if the energy flux received from two stars is f7 and f2, the magnitudes
differ by

(1.40) M1 —my = —2.5 logyo (/1//2)-

Because the energy flux from a star is proportional to its luminosity and
inversely proportional to the square of its distance, the difference in
magnitudes of two stars with identical luminosities at distances d; and d>
is given by

my —my = —2.5 log,o (d3 /d}) = 5 log,, (d1/db).

The radiation from a star extends beyond the visible part of the
electromagnetic spectrum. To take this into account, astronomers describe
the visual brightness of a star by a visual magnitude, my, and the
brightness over the entire electromagnetic spectrum by a bolometric
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magnitude, mp; the difference mp — my is called the bolometric
correction.

The absolute bolometric magnitude corresponds to the brightness of a star
as measured at a distance of 10 parsecs by a hypothetical detector which
responds to the entire electromagnetic spectrum. The parsec is the
standard astronomical unit of distance. It is the distance at which one
second of arc is subtended by a baseline whose length is equal to the mean
separation of the earth and the sun. The numerical value of a parsec is

(1.41) 1 pc = 3.086 x 10'° m = 3.26 light years.

We note that the accurate determination of distance has always been and
remains today one of the central problems in astronomy, and that such a
determination is needed to deduce the absolute bolometric magnitude of a
star.

Because the absolute bolometric magnitude represents the brightness of a
star at a specific distance, it provides an absolute measure of the
luminosity. In fact, a star with luminosity L has an absolute bolometric
magnitude Mp given by

(142)M3 =-25 lOgm(L/L‘:') T 4?2

where 2. = 4 x 10% W is the luminosity of the sun. Notice that the
absolute bolometric magnitude of the sun is equal to 4.72, and notice that,
as luminosities range from 107 to 1061--, bolometric magnitudes
decrease from about + 15 to —10.

Surface Temperature

The effective surface temperature of a star, Tg, is defined as the
temperature of the black body of the same size which would give the same
luminosity. For a star of luminosity L and radius R

(143) L=4rR*aTy,
where o is Stefan’s constant. For the sun 7¢ = 6000 K.

The colour of a star provides an alternative measure of its surface
temperature. The colour temperature of a star is determined by measuring
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its magnitude using a B filter which transmits wavelengths around 440
nm, and then a V filter which transmits wavelengths around 550 nm. The
difference in these magnitudes is denoted by B—V and is called the colour
index; B—V is negative for a blue star and positive for a red star. The
colour temperature corresponds to the temperature of the Planck black
body spectrum which gives the observed value of the colour index.

An additional source of information on the surface temperature is
provided by absorption lines in the spectrum. As radiation passes through
the photosphere, the surface region from which most of the observed
radiation originates, radiation at particular wavelengths is absorbed by
ions and atoms to give a spectrum containing dark absorption lines. The
absorption lines in the spectrum permit a classification of stars according
to spectral type. The spectral type depends on the degree of excitation and
ionization of atoms and ions in the photosphere. It is denoted by a letter
0,B,A,F,G,K or M a sequence which largely reflects a steady decrease in
surface temperature from 30 000 K to 3000 K. The sequence is
remembered by a mnemonic which these days is considered sexist.

Luminosity and surface temperature

The main observational properties of a star, its luminosity and its surface
temperature, are not uncorrelated. The correlation is usually illustrated in a
two-dimensional plot called a Hertzsprung—Russell diagram, in which the
vertical axis represents the luminosity and the horizontal axis represents
the surface temperature; for historical reasons the temperature decreases to
the right. When stars are represented by a point with coordinates (7, L)
on this diagram, certain regions are more densely populated than others.
The different regions of the H-R diagram are illustrated in Fig. 1.6. In
many H-R diagrams the luminosity of a star is represented by its
magnitude, and its surface temperature is represented either by its spectral
type or by its colour index, B-V.

When interpreting the H-R diagram it is important to remember that star
formation and evolution is an ongoing process. An H-R diagram provides
a snapshot of stars at different stages of their evolution.

As stars evolve, they spend most of life burning hydrogen. Hence
hydrogen burning stars, like the sun, should give rise to a densely
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populated region of the H-R diagram. This region is called the main
sequence. About 80-90% of observed stars are main sequence stars. The
hottest stars on the main sequence are blue supergiants and blue giants.
The coolest are red dwarfs.

The relation between the mass and luminosity of a hydrogen burning star
can be used to deduce the mass of a star from its position on the main
sequence. We recall from Section 1.6 and Fig. 1.4, that the luminosity of a
star of mass M is proportional to M*, where o is between 3 and 3.5. This
mass—luminosity relation implies that as we descend the main sequence,
we encounter stars with lower masses. In fact the masses range from about
504 at the top to 0.1 at the bottom of the main sequence. The physical
reasons for the existence of these upper and lower mass limits of main
sequence stars were mentioned at the end of Section 1.3 and will be
considered further in Chapter 5.

A star does not evolve along the main sequence. It evolves onto the main
sequence when a protostar contracts and ignites hydrogen. The star
evolves off the main sequence, and moves into the red giant region of the
H-R diagram, when the hydrogen in the central nuclear burning region is
depleted. Theoretical models indicate that hydrogen burning in the core
ceases but continues in a thin shell which moves outwards. The core
contracts and heats up, but the outer layers expand to form a star of high
luminosity and low surface temperature. We can use Eq. (1.43) to show
that a star in the red giant region of the H-R diagram with Z = 1000z and
Te = 4000 K has a radius of about 70&.. Such a star will stand out
conspicuously in the sky. A famous example is Betelgeuse in the
constellation Orion.

Fig. 1.6 A schematic Hertzsprung—Russell diagram. This diagram
provides a snapshot of the luminosity and surface temperature of stars at
different stages of their evolution. Most of the observed stars are grouped
along a band called the main sequence; these are hydrogen burning stars
like the sun. As a star evolves, the contraction of central core is
accompanied by an expansion of its outer layers to form luminous stars
with low surface temperature, e.g. red giants. The endpoint in the
evolution of a star with a mass comparable to the sun is a compact object
supported by degenerate electrons, a white dwarf. The evolution of a more
massive star can lead to the formation of a neutron star or a black hole
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As the temperature and density at the centre of the star increase, helium
and then possibly other nuclear fuels may be ignited. But, whether or not
these fuels are ignited depends on the mass of the star; see Section 1.5.
During these phases of evolution the star will have an extended outer
envelope surrounding a hot dense core. It will be located in the top
right-hand region of the H-R diagram, the region of high luminosity and
low surface temperature. Since the timescale for these phases is brief, this
region of the H-R diagram is not densely populated.

Observations indicate that a star of intermediate mass ends its life by
shedding its outer layers to form a planetary nebula, which merges with
the interstellar medium to leave a remnant with low luminosity and high
surface temperature in the white dwarf region of the H-R diagram. The
best-known white dwarf is Sirius B, which forms a binary system with the
bright main sequence star Sirius A. In fact the existence of Sirius B was
postulated by Bessel in 1834 in order to explain the fact that Sirius A
appeared to wobble in the sky; it was later observed to be a star with a low
luminosity and high surface temperature. A typical white dwarf has a
luminosity of L = £-/100 and surface temperature 7 = 16000 K, and
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hence a radius given by Eq. (1.43) of about #./70.Such a star shines merely
because it evolved from the hot core of a red giant. In time it will cool and
fade away; see Section 3.4.

Hertzsprung—Russell diagrams are of great practical and historical
significance in astronomy because they provide a vital link between
theoretical calculations of stellar evolution and observations.

Star clusters

The star clusters in our galaxy fall into two main categories: globular
clusters are distributed spherically around the centre of the galaxy, in the
galactic halo; open clusters are found in the plane, spiral arms and nucleus
of the galaxy. Their main characteristics are listed in Table 1.4.

We note that the oldest stars in our galaxy are found in globular clusters.
These stars are called population II stars. They were formed early in the
history of the universe from material which consisted primarily of
hydrogen and helium. In contrast, the stars in open clusters, population I
stars, are younger. They have a significant abundance of elements heavier
than helium because they were formed from material which had been
processed by earlier generations of stars.

The age of a star cluster can be estimated from its H-R diagram. This is
possible because each star in the cluster has the same age and chemical
composition, but an evolutionary lifetime determined by its mass. In
particular, the most massive stars have main sequence lifetimes of the
order of millions of years, and the least massive have lifetimes of the order
of billions of years. It follows that as the cluster ages, stars progressively
move away from the upper end of the main sequence. For example, a star
of spectral type O with mass 40+ will leave the main sequence after 10°
to 10" years, whereas a type A star with mass 3. will leave the main
sequence after 10% years. We conclude that the age of the cluster can be
determined by assessing the age of the most massive star that is still on the
main sequence. Clearly this assessment requires a reliable theory of stellar
evolution which takes into account the chemical composition of the stars
and the loss of mass from the stars.

TABLE 1.4 Characteristics of globular and open star clusters

60



Globular

Open clusters

clusters
Approximate number 125 1000
observed
Number of stars in cluster | 10°-10’ 10>-10°
Type of star Population IT | Population I
Diameter (pc) 5-30 1-5

Location Galactic halo | Galactic plane, spiral arms and
nucleus
Age (years) 10'° 10%-10°

SUMMARY

Big bang nucleosynthesis

* Nuclear reactions in the early universe led to a universe in which
about 25% of the mass was helium and the remainder mostly
hydrogen. This proportion of helium to hydrogen was largely
determined by the ratio of neutrons to protons that existed when
neutrons and protons ceased to be continually transformed into each
other by neutrino reactions (1.1).

Gravitational contraction

* Bodies can collapse rapidly if the gravitational energy released is
easily absorbed or radiated away. The time for free fall under

gravity of a body of uniform density p is

trr = |o—
4 [32Gﬂ

* The pressure gradient needed for hydrostatic equilibrium is given

by

3 }”3
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dP _ Gm(r)p(r)
(1.5) dr P
* The average pressure needed to support a system with gravitational
energy EGRr and volume ¥V is given by

1 Egr
(B =-3-2.
(1.7) s ¥
* The internal kinetic energy and gravitational energy of a gas of
non-relativistic particles in hydrostatic equilibrium are related by

(1.11) 2Eke + Egr =0.

The most important consequence of this relation is that, as a
self-gravitating system loses energy, its gravitational energy decreases and
its internal kinetic energy increases. Indeed, half the gravitational energy
released supplies the energy loss and the other half is used to increase the
kinetic energy.

* The corresponding relation for an ultra-relativistic gas is given by
(1.13) Exeg + Egr =0.

This relation implies that hydrostatic equilibrium becomes precarious as
the constituents of the system become ultra-relativistic.

Star formation

« A gas of mass M consisting of particles of average mass 7 at a
temperature 7 is gravitationally bound if its average density
exceeds a critical value given by

3 [3;( T]-‘
=l
* The temperature of a contracting body ceases to rise when the
electrons become degenerate. The maximum temperature attained
by a contracting body of mass M is approximately given by

kT ~ {meme] M*3,

128 L 2
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As a result, only bodies with a mass greater than 0.08+. 